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Abstract. We give an expression, in terms of the so-called Her- 
mitian intrinsic volumes, for the measure of the set of complex 
r-planes intersecting a regular domain in any complex space form. 
Moreover, we obtain two different expressions for the Gauss-Bonnet- 
Chern formula in complex space forms. One of them expresses the 
Gauss curvature integral in terms of the Euler characteristic and 
some Hermitian intrinsic volumes. The other one, which is shorter, 
involves the measure of complex hyperplanes meeting the domain. 
As a tool, we obtain variation formulas in integral geometry of 
complex space forms. Finally, we express the average over the 
complex r-planes of the total Gauss curvature of the intersection 
with a domain. 



1. Introduction 

In the space of constant sectional curvature k, M n (k), Santalo [San04l 
p. 310] found the expression of the measure of the set of r-planes meet- 
ing a regular domain in terms of the mean curvature integrals. Let L r 
denote the space of r-dimensional geodesic planes in M. n (k) and let dL r 
be a measure on C r invariant under the isometry group of M n (A;). If 
Q C M n (A;) is a compact domain with smooth boundary and r = 21, 



then 
(1) 



/ H L 2l )dL 2l = c vol(fi) + ^c i fc | - ! M 24 _ 1 (ffi), 

J C-21 i= l 



where Cj are known coefficients depending only on n, r and i, while 
Mj(dfl) denotes the mean curvature integral defined as 

(2) M J (dQ)=(^~ 1 ^ f °j<fl)dx 
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where <jj (II) is the j-th symmetric elementary function of the eigenval- 
ues of the second fundamental form. An analogous formula holds in 
the case of odd-dimensional planes. 

In the proof of formula (pQ), Santalo used the Gauss-Bonnet-Chern 
theorem in M"(/c), that for n even states 
(3) 

< ^ x (ty=M n _ 1 (dtt) +kc n _ 3 M n _ 3 (dn)+- ■ ■+fc^c 1 M 1 («9fi)+£^vol(fi). 

He also used the reproductive property of the mean curvature integrals 
in M n (k), 

(4) f M < f\dn^L r )dL r = cMi(dtt), 

where M^ r \dQ,f]L r ) denotes the i-th mean curvature integral of dQC\L r 
as a hypersurface in L r and c is known and depends only on n, r and 
i. 

In this paper we generalize formula ([T]) and © to the space CK n (e) of 
constant holomorphic curvature 4e. The role of C r in ([1]) will be played 
by Cf, the space of complex r-planes (totally geodesic complex sub- 
manifolds). We restrict to regular domains (i.e. compact with smooth 
boundary) for simplicity, although our results could be extended to 
more general objects. 

The method used by Santalo cannot be applied in this situation. 
Mean curvature integrals are defined in a complex space form as in 
([2]), but equation (jl]) does not generalize to our setting. Moreover, 
in the complex projective space and in the complex hyperbolic space, 
an explicit Gauss-Bonnet formula was not known. Instead, we will 
use variational arguments, as well as some facts about the theory of 
valuations, which we briefly describe next. 

Definition 1.1. Let /C(V) denote the family of non-empty compact 
convex subsets of a finite dimensional real vector space V of dimension 
n. A scalar valued functional <fi : JC(V) — > R is called a valuation if 

<j>{A UB)= <j){A) + (j)(B) - <f>(A n B) 

whenever A, B, A U B e K{V). 

The space of valuations that are continuous (with respect to Hauss- 
dorff distance), and invariant under the group of euclidean unit ball 
was studied by Hadwiger [Had57j . who proved that the dimension of 
this space is n + 1. Mean curvature integrals, volume and Euler char- 
acteristic form a basis of this space. 

On the standard Hermitian space C n with its isometry group IU(n) = 
C n xi U(n), Alesker |Ale03j proved that there are more isometry invari- 
ant valuations than in the euclidean case: the dimension of this space 
is (™^ 2 )- Both the Euler characteristic, and the measure of complex 
planes intersecting the domain belong to this space. 
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Bernig and Fu [B F08] , consider several valuation bases on C n . Here 
we will use the basis of the so-called Hermitian intrinsic volumes {/J>k,q}k,q- 
These valuations where first introduced by Park in complex space forms 
(cf. |Par02j ). In section [2] we recall their definition. 

The main results of this paper can be stated as follows. 

Theorem 1.2. Let Q be a regular domain in CK n (e). Then, for r = 
1, . . .,n- 1 

X (n n L r )dL r = vol(G^_! r ) ( U ~ ^ (e r (r + l)vol(fi) + 



n— 1 / \ -1 



k=n—r 

g=max{0,2fe-n} x ' 

where dL r denotes an invariant measure in the space of complex r- 
planes Cf, and Ui denotes the i-dimensional volume of the euclidean 
unit ball. Moreover, 

2n -ix(0) = 2n{n + l)e n vol(^) + 
(6) 

+ E^= 1 l E ^(^Z' ff )^(n)+(c + iWn)) 

c=0 V c ) \g=max{0,2c-n} \ V / y 

where 0% denotes the volume of the euclidean unit sphere. 

Formula (jSJ) is a generalization of ([1]) since the Hermitian intrinsic 
volumes {/Xfc, g } are given by integrals of certain invariant polynomials 
of the second fundamental form. This answers a question posed by 
Naveira in |Nav05j . In case r = 1, formula (0) was already proved by 
different methods in [Aba09] . For 2r > n, and e = 0, formula (j3J) was 
proved in |BF08j . 

Formula ([6]) generalizes to complex space forms the Gauss-Bonnet 
theorem ([3]). In complex dimensions n = 2, 3, formula ([6]) was obtained 
in [Par02] . 

Combining expressions (j3j) and © we obtain 



2n -ix(ty = M 2n ^(dQ) + 2ne [ x(0 H L n _i)dL„_ 1 + 
n_1 / — 1 \ _1 
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This expression is similar to the following one for real space forms 
(cf. |Sol06j ). Given a regular domain Q C M n (A;), it follows 

o( n — 1) f 

On^xiSl) = Af n _i(0fi) + k—— / n L n _ 2 )rfL„_ 2 . 

U n~2 Jc n -2 

The main idea for the proof of Theorem II . 21 is to take variation along 
a vector field in CK n (e) in both sides of equalities (jSJ) and (jSJ), and to 
compare them. 

In order to obtain a first expression of the variation of J cC x(<9fi H 
L r )dL r along a vector field in CK"(e), we proceed as in [S ol06 ] (see 
Section f3 .11) . In C n , the variation of the Hermitian intrinsic volumes 
was obtained by Bernig and Fu in |BF08| . Here we use the same method 
to find the generalization for e ^ (see Section [3T2J) . 

Using formula we prove in Section El that the total Gauss curva- 
ture does not satisfy the reproductive property and we get in C n the 
following expression: 

I M 2r -i{dn n L r )dL r = 2rcj 2 2 r vol(G^ 1 r ) 

yg=max{0,n-2r} v ' ) 

In |Aba09] . it is proved that the reproductive property (BJ is not 
satisfied by the mean curvature integral either. 

Acknowledgments 

We wish to thank Andreas Bernig for illuminating discussions during 
the preparation of this work. 

2. Hermitian intrinsic volumes 

Let CK n (e) be a (simply connected) complex space form with con- 
stant holomorphic curvature 4e. We denote by S'(ClK ri (e)) the unit 
tangent bundle of CK n (e). 

Definition 2.1. Let Q be a regular domain in Q€ n (e). The unit (inner) 
normal bundle of dQ is defined as 

JV(fi) ={(p,v) G S(CK n (e)) :pedn,v inner normal to S p dn}. 

Given a 2n — 1 form uj in S , (CK n (e)), and a smooth measure rj we 
may consider, for every regular domain Q 

V+ w. 

Jn Jn(Q) 

The resulting functional is called a smooth valuation. 
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Let (z, ei) G S , (CK ri (e)) and let {z; ei, . . . , e n } be a moving frame de- 
fined on an open subset U C <9(CK n (e)). We denote by {uji, uj 2i ■ ■ ■ , uj n } 
the 1-forms in S , (CIK n (e)) defined as the dual basis of {ei, . . . , e n }, and 
by {uJij} the connection forms of CK"(e). That is, if ( , ) denotes the 
Hermitian product on CK n (e) and V the Levi-Civita connection, then 

(8) 

Uj = (dz, Cj) and ujjk = (Ve^, e^) where j, k G {1, . . . , n}. 

Thus, these forms are C-valued. We denote 

LOj = ctj +i{3j, 
uJjk = a>jk + ifijk- 

Remark 2.2. Forms azi, Pi and (3u are global forms in S(OC n (e)). We 
denote them by a, j3, 7 respectively. Note that a coincides with the 
contact form of the unit tangent bundle. 

Lemma 2.3. Let Q C CK"(e) be a regular domain. Then a and da 
vanish at N(Q) C S(CP(e)). 

Proof. Let V G T M N(Q). Then, a{V) M = (dir(V),v) = where vr : 
S(CK n (e)) — > CK n (e) is the canonical projection. Clearly (do;)|jv(n) = 
d(a\ N{n) )=0. □ 

Consider the following invariant 2- forms in 5'(CK ri (e)) 



9 = -Im((Vei, Vei)) = -Im(^ u H ® uj u ) 

i=i 

(9) 6 1 = -lm((dz, VeO - (Ve 1; dz)) 

n n 

= — Im(Vj L)i <E> uJu — uou ® udi) 

8=1 1=1 

n 

6> 2 = — Im((d2, cte)) = — Im(^Ja;j <E> uJj) 

i=l 

# s = Re((dz, Vei) - (Vei, tfe)) 

n n 

= Re(^^Ui <S> UJu — /J^ii <S> uJi). 
1=1 1=1 

Remark 2.4. These forms coincide with the invariant 2-forms, 60, 9\, #2 
and 9 S defined in S(C n ) by Bernig and Fu [KF081 p.14] Note that, 9 S 
is the symplectic form of TCK n (e). Park considered in [Par02] similar 
2-forms in 5(CK n (e)). 

Next we recall the exterior derivative of 80, 0\ and 62, which can be 
found in [BF08J when e = 0, or in |Par02j for general e. 
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Lemma 2.5 ( [Par02| ). In S(CK n (e)) it is satisfied 

da = -0 S) d6 = -e(a A 0i +/3A9 S ), 



dp = 9 U d6x = 0, 

rf 7 = 28 - 2e6 2 - 2ea A /3, = 0. 



The forms and 7^ defined in S(C n ) in [BF08] . can be extended 
to S(CK n (e)) from ®. ' 

Definition 2.6. For positive integers fc,g 6 N with max{0, k — n} < 
q < | < n, we define the following (2n — l)-forms in S(CK n (e)) 

Pk, q ■= c n ,k, q P A 9^ h+q A Q\- 2q - x A 0* G ^-^(CK^e))), if fc ^ 2q 

lKq ■- ^ 7 a^-^- 1 a ^- 29 A^ G Q 2n -\S(CK n (e))), if 7i ^ fc-g 

where 

1 

Cn ' M g!(n-fc + g )!(fc-2 g )!o; 2n _ fc 
and u>2n-k denotes the volume of the (2n — fc)-dimensional euclidean 
ball. 

Given a regular domain Q C CK"(e), we define (for max{0, — n} < 
9 < | < n) 

B k , q (n):= f f3 k , q (k^2q), r fcj9 (0) := / 7fe , g (n^k-q). 
Jn(q,) ijv(o) 

In C\ it is satisfied Bjfe,,(fl) = T kjq (Q) (cf. [BF08] ). Next, we give the 
relation among {B kq (Tl)} and {T k ^ q (Q)} in CK n (e) which generalizes 
the relation in C n . 

Proposition 2.7. In CK n (e) ; /or any positive integers k,q such that 
max{0, k — n} < q < k/2 < n it is satisfied 

rfc,g(fi) = B ktq (Q) — £ -Bfe +2 , g +l(^)- 

C n,fc+2,g+l 

Proof. We denote by / the ideal generated by a, da and the exact forms 
in N(Q). If A, p are (2n — l)-forms in N(Q) equal modulo /, then by 
Lemma 12.31 

/ * = / 

Thus, it is enough to prove 
(10) 7fc, g = p k ,q - e Cn ' k ' q Pk+2, q +i mod/. 

c n,k+2, q +l 

Consider the form r) — (6 S — j3 A 7) A 6^ k+q ^ 1 6\^ 2q ~ l 62. By Lemma 
12.51 it follows that modulo / 

Using the definition of 7^ and /3fc ig we obtain the relation in (fTUjl . □ 
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Remark 2.8. In complex dimensions n = 2,3, the previous relations 
were found in [Par02j. 

In view of the previous equalities, we define (for max{0, k — n} < 



q<\<n) 



11) /",„(<>) : 



B k>q {n) iik^2q 
r 2M (fi) ifk = 2q. 

Remark 2.9. In [BF08J, it is proved that valuations {yUfc j(? , vol} where 
k G {0, . . . , n — 1} and g G {max{0, A; — n}, . . . , |_^/2_|} form a basis of 
invariant continuous valuations on C™. 

3. Variation formulas 

3.1. Variation of Hermitian intrinsic volumes. In order to study 
the variation on GK™(e) of the Hermitian intrinsic volumes, we follow 
the method used by Bernig and Fu |BF08| in Corollary 2.6. First, we 
recall the definition of the Rumin operator, introduced in |Rum 94] , and 
the definition of the Reeb vector field in a contact manifold. 

Definition 3.1. Given fi G Q 2n -\S(CK n (e))), let aA^eQ 2n '\S(CK n {e))) 
be the unique form such that d(fi + a A £) is a multiple of a (cf. 
[Rum 94j ) . Then the Rumin operator D is defined as 

Dpi := d(fi + a A £). 

Definition 3.2. Let M be a contact manifold and let a be the contact 
form. The Reeb vector field T is the unique vector field over M such 
that 

%TOt = 1, 
Cto. = 0. 

If the contact manifold is the unit tangent bundle of a Riemannian 
manifold, then the Reeb vector field is the geodesic flow (cf. [Bla76j p. 
17]). 

Lemma 3.3. In S(CK n (e)), it is satisfied 

i T a = 1, i T l = 7, 

i T 2 = 13, it(3 = «t7 = irOa = irO s = 0. 

Proof. The first equality comes directly from the definition (cf. (1121) ). 
As T is the geodesic flow, we have a^T) = /3j(T) = and an — flu — 0, 
i G {2, . . . ,n}. By definition in ©, we obtain the result. Moreover, 
irO s = —itdot = dixo. — CtO- = 0. □ 

Given a smooth valuation /z, and a vector field X with flow (f) t , we 
are interested in computing 



(12) 



« = Jt 



t=0 

This can be done by means of the following result stated in [BF08J. 
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Lemma 3.4 (Lemma 2.5 [BF08J). Suppose C 1" is o regular do- 
main, N is the outward unit normal field to dQ, X is a smooth vector 
field on M 71 and p is a smooth valuation given by an {n — l)-form p in 
S{R n ). Then 



5 x p(n) = / (X,N)i T (Dp) 
Jn(q) 

where T is the Reeb vector field on S{R n ) and Dp is the Rumin operator 
of P- 

Although this result is stated and proved in M™, the given proof is 
also valid in an arbitrary Riemannian manifold. 

From Lemma [2751 we obtain the exterior differential of the forms f3 k , q 
and 7 fcj(? . 

Lemma 3.5. In CK n (e) 

dp k ,q = c n , fc , g (^ fc+9 A^- 29 A^-e(n-A; + g)aA/?A^ fc+ ^ 1 A^- 29 A^) 
and 

d lk , q =c nAq {6t k+q A e\- 2q A 61 - eet^ 1 A 6^ A 
-6QA/3A e^^- 1 A Q\- 2q A Q\ 

-« A 7 A 6™- k+q - 2 A 9f-' zq+1 A 91 



(n — k + q — 1) _ t a n _ k+q _ 2 fe _ 2? +i 



2 

(n ~ fc ^ 9 ~ 1} /? A 7 A 6 S A 6t k+q - 2 A 9 k - 2q A 



Notation 3.6. Let Q be a regular domain in CK n (e) and let N be the 
outward unit normal field to dQ. Let X be a smooth vector field on 
l n (e). We denote 



B k , q = 4, 9 (0) := / (X,N)p k , q , f M = f M (fi):=/ {X,N) lk , q . 
Jan Jan 

The variation of the valuations {yUfc,g} on C n was found in [BF081 
Proposition 4.6]. We extend this result to OC n (e) as follows. 

Proposition 3.7. Let X be a smooth vector field in CK n (e) and let 
Q C CK n (e) be a regular domain. Then 

6 x B k>q (Q,) = ^,k,q{c~^ k _ lq {k - 2g) 2 f fc _i i g-c^ 1 fc _ l9 _ 1 (n + q- k)qT k -x >q -i 
+ c~fc_ li? _!(n + ? - ft + -)gS fc _i,,_i - c-y i q (k - 2q)(k -2q- l)B k -i, q 
+ e ( c n,fe+l,g+l( A; - 2 <?)( fc ~ 2g - l)B k+hq+ i-C~^ k+l q (n -k + q)(q + 
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and 

+ C n%q-l,q-l( n ~9+ \)qB 2 q-l,q-l 

+ <-Cnlq + l,q(( n ~ <l)( 2 Q + ^) ~ + ^))B 2q+ l,q 

+ C nlq+l,q(. n + 1 )f'2g+l !g 

+ eC n,2 g +3, g +l( n - 9 - !)(? + 2)^2 9 -f3 lQ +l))- 

Proof. Lemma T3.4I provides an expression for the variation of a smooth 
valuation. In order to use this lemma, it is enough to find ir-D/3fc, g , irD^q^ 
modulo a, da since the latter forms vanish over N(Q) (by Lemma l2~3i) . 
and ixda = (by Lemma 13.31) . We will use the following fact from the 
proof of Proposition 4.6 in [B F08j : for max{0, k — n} < q < k/2 < n 
exists an invariant form ^ q G Q 2n ~ l (S(C n )) such that 

(13) da A £ M = -et k+q 0i~ 2q 8 q 2 mod(a) , 

and 

(14) 

A ({n + q-k)q9l-{k-2q){k-2q- 1)9 9 2 ) mod(a,da). 

In order to find SxB k ^ q for general e, we take a form £ e G £l 2n ~ 1 (S(CK n (e))) 
such that £L ^ = when we identify T(p ) „)S , (CK n (e)) and T( p / jt) /)C n , 

for every (p,v) G £(CIK n (e)), (p', t>') G 5(C n ). Then, it is clear from 
Lemma l3~5l and ffTBl that d((3^ q + c n ^ A a A £ e ) = modulo a. 
By Lemma I2.5[ the exterior differential of £ € is 

dC = 9l +q - k - l 9 k 1 - 2q - 2 9l\(n -k + q)q9l - (k - 2g)(Jfe - 2g - 1)0„0 2 ) 
A (7^1 - 2/3# + 2ef39 2 ) mod(a, da) 

and the contraction of dj3 k ,q with respect to the field T, by Lemma l3~3l 
is 

n AR — r, nn+q-k-1 nk-2q-l nq-l 
lTUPk,q = Cn,k,qVo ^1 ^2 

A ((k - 2q) 1 9 Q 9 2 + g/30 o 0i — e{n — k + q)f39 1 9 2 ) mod(a). 

By substituting the last expressions in i T Dj3 k ^ q = irdPk,q — Cn,k,qd£ ( 
mod a, da), we get the result. 

To compute Sx^ 2q , q , note that dj 2q ^ q has 3 terms which are not multi- 
ple of a (cf. LemmaES]). As before we consider € fi 2 " _1 (S , (CIK n (e))) 
corresponding to £, 2q>qi and £29+2,9+1 respectively. Let us consider also 

(15) H = ^j^(3i9 n - q - 2 9 q . 
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Then the Rumin differential of j2q, q is given by Dj 2 q,q = d{pf2 q , q + 
c n ,2q >q ot A (£1 — — e£f)). Indeed, da A £J cancels the first term of 
d^2q, q modulo a, and da A ^ cancels the second one. The third term 
is canceled exactly by da A £|. 
Now, using Lemmas 13.51 and 13.31 

1 



ird^2q,q = 
From (dU) and flE) 

d£ = (n - 
dQ = (n-q- l)(q- 



-e(g+2)/^ 



n — q 



-jd q Q\Q\ mod(a, 



n 



x (7^i - 2(36 Q + 2e/3fl 2 ) mod(a, da). 
9 ~ 2 0f(70i - 2/3# + 2e/3# 2 ) mod(a, da). 
2/3fl + 2e/?fl 2 ) mod(a,cia). 



Plugging this into i T Dj 2 q,q = hd^2q, q - c n ,2 q ,q(d£{ - ed^ 2 - ed£J) mod 
(a, da) gives the result. □ 

3.2. Variation of the measure of the set of complex r-planes 
intersecting a regular domain. We denote by Cf, r G {1, . . . , n — 1} 

the space of complex r-planes in CK n (e). Complex r-planes are totally 
geodesic submanifolds of complex dimension r isometric to QC(e) (cf. 
|Gol99l Lemma 2.2.4]). Moreover, Santalo proved the following prop- 
erties of this space (as usual, J denotes the complex structure). 

Lemma 3.8 ( [San52] ). Cf is a homogeneous space and 

Cf = U e (n)/U e (r) x U(n - r) 

where 

( C n tx U(n), ife = 0, 
U e (n) = { U(l+n), ife>0, 
( £7(1, n), zfe<0. 

Let {g; g\, Jgi, . . . , g n , Jg n } be a local orthonormal frame associated to 
the elements of an open set V C Cf such that {g n _ r+ i, Jg n -. r +i, . . . , g n , Jg n 
generate T g L for each L G V. The invariant density of is given by 



(16) 



dL r 



A 



uja A uji 



A 



UJij A u>ij 



-n— r+1,. 



where {^>i,^ij}{i,j} are defined as in (Ej). 

On dQ there is a canonical vector field given by JN, and a distri- 
bution T> = (N, JN)- 1 -. At every point x G dQ, T> x is the maximal 
complex linear subspace of T x CK(e) contained in T x dQ. We shall con- 
sider the bundle Gf r (TdQ) whose fiber at every point x G dQ is the 
Grassmanian Gf r (T x dfl) of r-dimensional complex subspaces of V x ; 
i.e., Gf r (TdQ) = {(x, l)\x G dQ,l is a J-invariant r-dimensional linear 
subspace of T x dQ}. 
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Proposition 3.9. Suppose Q C CK ra (e) is a regular domain, X is 
a smooth vector field on CK"(e), <f> t is the flow associated to X and 
&>t — <Pt{^), then 



d_ 

dt 



[ x{WL r )dL r = [ (d(f)/dt,N) I I a 2r (ll\v)dv) dx 

t=oJc% Jan \JG% r (T x dn) I 



where N is the outward normal field and cr 2r - (II| v") denotes the 2r-th 
symmetric elementary function of 11 restricted to V G G^ r (T x dQ). 

Proof. We follow the same procedure as in [Sol06t Theorem 4]. 

For every V G G^ r (T x dQ), we make the parallel translation V t of 
V along 4>t{x)- Recall that parallel translation preserves the complex 
structure (cf. [0'N83l p. 326]). Then we project orthogonally V t onto 
T^4> t {x)i obtaining a complex r-plane V' (at least for small values of t). 
We define 

1>: G£ r (T0n)x(-e,e) — 

{(x,V),t) » exp Mx) V^. 

From Proposition 3 in [S0IO6J (whose proof works without change in 
our setting), we have 

/ x(tt t r)L r )dL r = lim - / V" sign( — , N) sign(cr 2r (II|v))V'o^r 
J c c fc-o h J c c ^ dt 



dt 



t=o Jcc 



where the sum runs over the tangencies of L r with the hypersurfaces 
dQ t with < t < h. As 

ip*(dL r ) = L dt (ip*(dL r ))dt = ip*(i di , at dL r )dt 

where ip t = ip(-,t), using the co-area formula we get 

d f f dcj) 

— / x(tt t nL r )dL r = / ( — ,A^)sign((T2 r (II|y))^o(^9t^r)- 

Let {g;gi, Jgi, . . . ,g n , Jg n } be a local orthonormal frame defined on 
G^ r (TdQo) x (— e, e) such that g((x,l),t) = <p(x,t), gi((x,l),t) is or- 
thogonal to dQ t (at 4> t {x)) and ip = (g,g n - r+1 , Jg n - r+1 , ...,g n , Jg n ) H 
CK™(e). We may assume the frame is defined in a neigborhhod of C r , 
since we are only interested in regular points of if>. 

Consider the curve L r (t) given by the parallel translation of L r along 
the geodesic given by N, the outward normal vector to 8Qq. If P G 
T Lr £f denotes the tangent vector to L r (t) at t = 0, then 



u i {P) = (dg(P),g i ) = (± 



g(L r (t)), 9i ) = 0, 

t=o 



u 1 {P) = (dg{P),N) = l, 

J 

g k (L r {t)),gj) 



uj kj (P) = (dg k (P), gj ) = {j t 
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where i G {2,2, ... ,n — r,n — r}, j G {1,1, ... ,n — r,n — r}, and 
k G {n — r + 1, n — r + 1, . . . , n, n}. By ffTol) and last equations we get 
the following equality between densities 

dL r — \u)\\LpdL r 

since ipdL T = |u; 1 (P)| • | Ah^i^/i A ZZT/^ A^ijl- Thus, 

Uij)dtdL r = \uJi{dipdt)\ipdL r + lu^l^^ipfiLj. 

and 

= (dg(di/>&t),N) = (^,N), 
r M(v) = (dg(dMv)),N) = Vf G T (p , y) G^(T^o). 

So, 

ipo(td^dtdL r ) = \ (^-,N)\^(L P dL r ). 

Finally, using that ipQ{ipdL r ) = \o- 2r (ll\v)\dVdx, we get the result. 

□ 

Remark 3.10. The integral 

1 a 2r {ll\ v )dV 

G C 

seems difficult to be computed directly. However, we will find it by 
an indirect method. Recall that the analogous integral in real space 
forms is a multiple of an elementary symmetric function of the principal 
curvatures. 



4. Crofton type formulas 

4.1. In the standard Hermitian space. Now we are ready to prove 
formula © for e = 0. The following lemma will be used. 

Lemma 4.1. Let Q be a regular domain in C n and ip : dQ — > N(Q) the 
canonical map. Fix a point x in dQ and a reference {e± = ip(x),ej = 
Je±, . . . ,e n ,en = Je n } at x. Then <£>*(7fc, g ) = Pk, q dx where dx is the 
volume element of dQ and Pk, q is a polynomial of degree 2n — k — 1 
in the entries of the second fundamental form hij = \Y(ei,ej), i,j G 
{1,2,2, ... ,n}. Each of the monomials of Pk tq containing only entries 
of the form ha contains the factor hy[ and exactly n + q — k — 1 factors 
of the form hjjhji, « 6 {1,2,2,... ,n}, j G {2, . . . , n}. 



Proof. From (JUj) we have 9 = Y!i=2 a u A #i = XT=2( a * A A* ~ft A 
au), 2 = Yn=2 a i A A- 
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For convenience we write aj = Pi and a ± j = fin for i e {2, . . . , n}. 
Using a 1:j = J^i^i h ij a i for 3 e 1 '■= {T> 2 , 2, . . . ,n} yields 

v*(7m) = y E *W A E E a 

Vie/ / \z=2jV6/ / 

(n / \ \ k ' 2c > / n 

E E h ij a i a J - E ) ) A E 1 

Thus, <f*('Jk, q ) — Pk, q dx with P fc ? a polynomial of degree 2n — — 1 
in /ijj. The terms in the previous expression containing only entries of 
type ha are 

n+q— k— 1 

^—hjjaj A I ^ hiih Ti aiaj I 

V i=2 



k-2q 



A 

and the result follows. 



E h Ti a i a i ~ haajoii I A I E ' 

J=2 J \i=2 



□ 



Theorem 4.2. Lei f2 C C n ; let X be a smooth vector field over C n , 
let (f> t be the flow associated to X and let Q t = t (Q) . Then 



d 
Jt 
(17) 



/ X (tot n L r )rfL r = vol(C7^_ 1 r )oo 2r+1 {r + 1) 
t=o J££ 



1 \ -1 / \ -1 
n — 1\ in 



r 



and 



. q=max{0,n-2r-l} x ' 



1 / \ -1 

n 



(») •( £ i^( 2 ;: 2 ;: 9 29 )"— ("> 

\ g=max{0,n— 2r} 

Proof. In order to simplify the following computations, we consider 
(19) 

and 

( 20 ) B'k,q = C n!k,qBk,q, f = 2c~j^f fc) ,. 
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The functional f cC x(Q H L r )dL r is a valuation on C n with degree of 
homogeneity 2n — 2r. Thus, it can be expressed as a linear combina- 
tion of the elements of a basis of valuations with the same degree of 
homogeneity. Then, by Remark 12.91 and (1111) . we have 



„ n—r—l 

(21) / c X (n n L r )dL r = C A-2r, q + DT' 2n _ 2r ^_ r 

Cr <j=max{0,n-2r} 

for certain constants C q , D which we wish to determine. This will be 
done by comparing the variation of both sides of this equality. From 
here on we assume 2r < n. The case 2r > n can be treated in the same 
way (cf. Remark 14. 3D . 

By Proposition 13. 7\ the variation of the right hand side of f[2~Tj) is a 
linear combination of the following type 

n—r—l n—r—1 

(22) C q^2n-2r-\,q + d q T 2n -2r-l,q 
q=n—2r—l q=n—2r 

where the coefficients c q and d q can be expressed in terms of a linear 
combination with known coefficients of the variables C q and D, that 
still remain unknown. 

The variation of the left hand side of ( l2Tj) . by Proposition 13.91 is 

<*> It 



I x(n t nL r )dL r = [ (dcf>/dt,N) [ a 2r {ll\v)dVdx 



From Lemma H~T1 when pulling-back the form 7^ from N(Q) to dQ, one 
gets a polynomial expression P^ A of degree 2n — k — 1 in the coefficients 
hij of II with i, j G {1,2,2, ... ,n,n}. Moreover, for each q the mono- 
mials in Pk >q containing only entries of the form hu contain the factor 
hji = ll(JN, JN) and do not appear in any other P^/ with q' ^ q. 
Therefore, every non-trivial linear combination of {Pk, q } q must contain 
the variable hj^. On the other hand, the integral J rC cr 2r (II| v')^^ 

n— l,r 

is a polynomial of the second fundamental form II restricted to the 
distribution T> = (N, JN)- 1 , hence a polynomial not involving h-^j. 
Comparing the expressions of ( 1221) and ( 1231) . it follows that d q = for 
all q G {n — 2r, . . . , n — r — 1}. 

As c q and d q depend on C q and D, we will obtain the value of c q 
once we know the value of C q and D. We will get their value from the 
equalities {d q = 0}. Note that this gives r equations, since q runs from 
n — 2r to n — r — 1 in ( !22l) . As for the unknowns, we need to find r 
constants C q plus the constant D in ( I2TI) . 

We will get an extra equation by taking II |d = Id and equating (J23]) 
to ( |22i) . Then, for any pair (n,r) we have a compatible linear system 
since constants in ( 12TI) exist. Next we find the solution, and we show 
it is unique. 
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Let us relate explicitly the coefficients {c g } and {d q } in f[2"2"j) with 
C g and D in (T2"T]) . To simplify the range of the subscripts, we denote 
d n _ r _ a with a = 1, . . . , r and c n _ r _ a with a = 1, . . . , r + 1. 

Coefficient d n _ r _i.From the variation of B' k in C n (Proposition 13. 71) . 
the coefficient of ^ 2n _ 2r -i n-r-i comes from the variation of B' 2n _ 2r n _ r _ 1 

and F 2n-2r,n-r- The 11 . 

(24) rf n _ r _! = 4C n -r-i - 2r(n - r)D. 

Coefficient d„_ r _ a; a = 2, ...,r. The coefficient of T 2n _ 2r _i n - r -a 
comes from the variation of B' 2n _ 2r n _ r _ a and B' 2n _ 2rn _ r _ a+X . Then, 

(25) rf„-r.-a = 4a 2 C n _r-a -(r-a + l)(n-r-a + l)C n _ r _ 0+ i. 

Coefficient c n _ r _i. The coefficient of B' 2n _ 2r _ ln _ r _ x comes from the 
variation of B' 2n _ 2r ^_ r _ x and r 2n _ 2rn _ r . Then, 

(26) c n _ r _! = 2(2r + l)(n - r)D - 4C n _ r _i. 

Coefficient c n _ r _ a; a = 2, . . . , r — 2. The coefficient of B' 2n _ 2r _ x n _ T _ a 
comes from the variation of B' 2n _ 2rn _ r _ a and B' 2n _ 2r n _ r _ a+1 . Then, 

(27) 

Cn-r-a = -4a(2a - l)C n _ r _ a + (2r - 2a + 3)(n - r - a + l)C n _ r _ a+ i. 

Coefficient c n - 2r -\. The coefficient of B' 2n _ 2r _ Xn _ 2r _ x comes from 
the variation of B' 2n _ 2rn _ 2r . Then, 

(28) c n _ 2r -i = (n - 2r)C n _ 2r . 

Now, we solve the linear system given by {d n _ r _ a = 0} where a £ 
{1, . . . , r}. From equations ( f24"l) and ( |25l) the system is given by: 



r(n-r)D = 2C n _ r _ 1 

/ n—r—a+l • 



4a 2 C n _ r _ a = (n — r — a + l)(r — a + 1)C„ 



Thus, 



(n — r — a + 1) (n — r)(r — a + 1) • • • • r 

n ' r ~ a = 2 ■ A-^aHa - l) 2 I 2 



(n — r)!r! 



(29) 



>2a-i^ ra _ r _ a )!( r _ a)\a\a\ 
D (n — r\ ( r 



>2a-l 



a l \a 



To obtain the value of D, we calculate J rC a 2r (p)dV and j3' 2n _ 2r _ ln _ r _ a 

rt — l,r 

in case II|x>(p) = A/d for A > 0, which occurs when Q is a metric ball. 
On the one hand, we have 



/ a 2r (p)(XLd\ v )dV = A 2r vol(G£ ) 
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On the other hand, if II|x> = Aid, then the connection forms satisfy 
an = XoJi and (3u = \u>i. Thus, 9\ = 2X9 2 and 9 = X 2 9 2 and we obtain 

PL-2r-l,n-r-a(p) = ^ (P A 9^ A 9^ A ^-)(p) 

= 2 2a ~ 2 X 2r {(3 A 9™- l ){p) = 2 2a - 2 X 2r (n - 1)!. 

So, the equation 

VO\(G^ r ) = r j20n-r-a2 2a - 2 (n-l)\ 
a=l 

must be satisfied. 

Substituting equations ( l26l) . ( 1271) and ( |28|) in the last equation gives 

vol(G£ lr ) 

r 

+ ^ 2 2a ~ 2 ((2r - 2a + 3)(n - r + a + l)C n _ r _ a+ i - 4a(2a - l)C„_ r _ a ) 

a=2 

+ 2 2r (n-2r)C n _ 2r 
= 2(2r + l)(n - r)£> + 4C n _ r _i((2r - l)(n - r - 1) - 1) 
r-1 

+ ^(-2 2a ~ 2 4a(2a - 1) + 2 2a (2r - 2a + l)(n - r - a))C n _ r _ a 

a=2 

+ C n . 2r (2 2r (n - 2r) - 2 2r " 2 4r(2r - 1)) 

r 

= 2(2r + l)(n - r)D + ^ 2 2a C n _ r _ a ((2r - 2a + - r - a) - a(2a - 1)) 

a=l 

( 2 (n - rVH V (2r-2a + l)(n-r-a)-a(2a-l) \ 
-^^(n (n-r-o)!(r-a)!a!a! J 



r!(n — r — 1)! 
Thus, 

fl vol(^_ l r ) ( n - X \ 1 

4 a n! \ r J \ a J \a 

and, for 2r < n, we have 



2n\ 



n — r\ r 



I x (n n L r )dL r = £ c n _ r _ aJ B 2n _ 2rjn _ r _ a + Dr 2 

"^r a =l 



2n— 2r,n— r 



™K<ff-i, r ) - 1^ - Y ' /„ - r\(r\ 2a+1 

/ ,, I An/ - D 2n-2r,n-r-a"r 1 2n-2r,n-r 



2 n! V r ) \ ^— ' \ a /V a 

\a=l 



and 
d_ 
If 
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/ x (fit n L r )dL r = (2(2r + l)(n - r)D - 4C n _ r _ 1 )B 2n _ 2r _ 1 n _ r _ x 
o -Ac? 



+^((2r - 2a + 3)(n - r + a + l)C n _ r _ a +i -4a(2a - l)C n - r - a )B 2n _ 2r _ ln _ r _ a 

a=2 

+ (n-2r)C n - 2r B' 2 



2n-2r-l,n-2r-l 



vol(GC_ lir )/ n -^-Vvi/"-rV r + 1> \ a £?' 

2^1 „ I n A a-l B 2n-2r-l,n-r-a 



n\ \ r l \ £ — ' \ a 

\a=l 



Finally, we use the relation in (jT9"j) and (TTTT) to obtain the result. □ 

Remark 4.3. If 2r > n, then formula (ITT)) follows directly from the 
relations among the different bases of valuations on C n given in [BF08J 
and the following relation in |Ale03] 

/ H L r )dL r . = — ^ — / M 2r -i{dVt n L r )dL r = cU 2 ( n -r),n-r 

for a certain constant c coming from the different normalizations in 
dL r . 

4.2. In Hermitian space forms. 

Corollary 4.4. Let Q C CK n (e) be a regular domain, let X be a 
smooth vector field over CK n (e) ; let <p t be the flow associated to X and 
let fl t — </>t(ty- Then 

d_ " '- 
dt 
(30) 

f 2n -2r-2q-l\ 1 



X (a n L r )dL r = vo\(G%_ ljr )u 2r+1 (r + 1) ( n ^ ^ Q 



t=0 JC c r 




n — r — q 



) 4^^=T^2 n -2r-l, g (0) J . 



Proof. Comparing equation (ITTj) and Proposition 13.91 in case e = 
shows that 

/ (X,iV) [ / ff 2r (II|V)d^ J cix 

Jdn \JgZ,t J 

equals the right hand side of equation above. By taking a field X that 
vanishes outside an arbitrarily small neighborhood of a fixed x G dfl, 
we deduce the following equality between forms 

• IIjV>iV 1 dx "' 2,+J 



g=max{0,n— 2r— 1} 
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This equation extends obviously to CK n (e) without change. Then, 
using Proposition 13.91 gives the result. □ 

Theorem 4.5. Let Q be a regular domain in ClK n (e). Then 

J ^ X (n n L r )alL r = vol(G£_ 1>r ) ~ ^ (e r (r + l)vol(Q)+ 

n-l ✓ v -1 

(31) + £ j ~ {n - r) U2n-2j I n j ■ ((j + r - n + l)/i 2jJ + 



j=n—r 

g=max{0,2j — n} 



Proof. We will show that both sides have the same variation 5x with 
respect to any vector field X. This implies the result: one can take 
a deformation Q t of Q such that fit converges to a point. Then both 
sides of (13T|) have the same derivative, and both vanish in the limit. 

The variation of the left hand side of (131 j) is given by Corollary 14.41 
The variation of the right hand side can be computed by using Proposi- 
tion 13. 7[ and 5xV = 2£> 2 n-i,n-i- In order to simplify the computations 
we rewrite the right hand side of ( 13~TI) as 

Cr(n): .z^f"-iyv (r+ i)^ 



n\ \ r 



j=n-r y (j=max(0,2j-n) yJ ^ 7 

By Proposition 3.8 

vol(G£ 1.) /n-l\ -1 
(32) S x Cr(n)= f^M Mr + lPU-i 

n! \ r y 

n-l . _ - 

+ ^ ei _ n+r .7 n+ { _ 2(w _ i)j f/._ i ._ i+2e(n _ i _ 1)(i+1) f/. +1J 

j=n— r 

+4(n-j+^)j^ i _ 1J _ 1 +4e - (n - j)(2j + |)) 5 2j+lj +46 2 (n-j-l)(j+^) J B 2j+3iJ+1 }] 



n-l i-l 



j=n-r g=max{0,2j— n} 



n+g-2j)giVi, g -i+2(n+g-2j+r^ 



1 

2 

+2e(2j - 2g)(2j - 2q - l)& 2j+1>9+1 - 2e(n - 2j + q)(q+ \)& 2j+hq }. 

We will show the previous expression is independent of e; i.e. all the 
terms containing e cancel out. Hence, 5xC r (Q) coincides with ( 1301) since 
we know this happens for e = 0. This will finish the proof. 
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We concentrate first on the terms with B' k . By putting together 
similar terms, the third line of f[3"2l is 

(33) 

E e h - n+r 2{{h-n+r+l){n-h+-)h+{h-n+r){--{n-h+l){2h--)) 

h=n—r+l 

+(h-n + r + l)(n-h + l)(h- -)}B' 2h _ ljh _ 1 

-e r {(r + 2)n - + (2r + l)(n - r)B' 2n _ 2r _ hn _ r _ v 

By putting together similar terms, the double sum in (1321) (forgetting 
for the moment the terms with T' k ) becomes 

e h-n+r / n -h \ f h \ , ,3 



e e ^G:;! 1 )C"i) 2( " +o - 2 ' ,+ 5 )(a+i) ^ 

■■"-ra=max(-l,2h-n-l) v / \ / 

E E (ft _ J (J 2 ( 2h - 2a )( 2h ~ 2a ~ l ) B 2H-l,a 



h=n—r a=max(0,2h— n) 
h-1 



+ E E 4^ ^ - a ') (a - l) 2(2^-2a)(2/,-2a-l)^_ 1 , a 

ft=n-r+la=max(l,2/i-n-l) ^ / \ / 

- e e ^(;:;!i)C:>-**^«-- 

ft=n-r+la=max(0,2/i-?i-2) v / \ / 

Note that the terms with a = — 1 or a = 2/i - n — 2 vanish, if they 
occur. Then, one checks that all the terms in the above expression 
cancel out except those with h = n — r,n, and those with a — h — 1. 
Clearly the terms corresponding to h = n — r are independent of e. 
The terms with h = n sum up e r (n — l)B' 2n _ ln _ l , and together with 
the similar term appearing in (1331) cancel out the first term in ( 1321) . 
Finally, the terms with a = h — 1 are cancelled with the sum in fl33l) . 

With a similar but shorter analysis one checks that the multiples of 
T' k cancel out completely. This shows that (1321) is independent of e, 
and finishes the proof. □ 

Remark 4.6. The coefficients of fik,q and vol in ( 13~TT) were found by 
solving a linear system of equations. These equations were obtained by 
imposing that the variations of both sides in (131 j) coincide. 

5. Gauss-Bonnet theorem 
Theorem 5.1. Let Q be a regular domain in CK"(e). Then 
02n-tf(n) = 2n(n + l)e"vol(fi) + 

(34) +e^y4 e MT-l%^ c+1 ^ 

c=0 V c / \g=max{0,2c-n} ^ ' 
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Proof. We proceed analogously to the proof of Theorem 14.51 In fact, 
the same computations of the previous proof show (in case r = n) that 
the right hand side of (1341) has null variation. 

For e = equation (1341) is the well know Gauss-Bonnet formula in 
C n = R 2n . For e ^ 0, we take a smooth deformation of Q to get a 
domain contained in a ball of radius r. Under this deformation, the 
right hand side of ( 1341) remains constant. By taking r small enough, 
the difference between both sides can be made arbitarily small. Hence, 
they coincide. □ 

Theorem 5.2. Let Q be a regular domain in OC n (e). Then 



2 n-iX{V) = M 2 „_ 1 («9ft) + 2nt [ X (dn H L n _i)dL n 



-1 + 



n-1 

n-1 / _ jx -1 

+ efc °2n-2fc-i y k J fi 2k ,k + 2ne n vo\(n). 



Proof. First, we use the following relation between M 2ri _i(<9f2) and 
A*o,o(^) 



M 2n _x(ao) 



(35) 



a 2n -i(Hx)dx 

an 

2 C n,0,0 C nj o,0 

(n-1)! 2 
2na; 2 n^o,o(^) 



7 A 9^ 



jv(n) l n 

n-1 



7 a 



O 2n -i/io,o(^)- 



zc n,0,0 / n x 



1 !' 



Now, from Theorems 14.51 and 15.11 it follows that 



" 1 e c c\ ( £-1 1 (2c-2q\ 



^ = Y.— \ 12 C _ Q W, 9 + (c + l)/z 2 fc,fc 

c=0 \ (J =ma x {0,2c-n} V ' 



e n (n + l)! 
+ n vol (O) 



^6 c c! / ^ 1 /2c-2g\ . n . 

+ 4^ c _, jM2c, g + (c+l> 2c ,, 



n— 1 „ , / n— 1 

^0,0 

c=l \ g=max{0,2c— n} 

e n (n + l)! 
+ n vol n 
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en! ^4 e " 1 ch n ~ c / ^4 1 (2c-2q\ 
^0,0 + — ^ ^ ^ 4F*[c-q) M2C ' 9 + C/i2 - 

c=l \g=max{0,2c-n} v 7 

"" 1 F c - 1 H 7 r n - c P n r»).-I-1M 



en! ^ e^dvr™^ e n (n + l)! 

7T n! 7T n 

c=l 

e n! /* ^ e^ 

W),o + — / x(9fi n L n _!)dL n _i + V — 

7T n If , ^— f 7T 



e n (n + l)! e n n!n\ , 

vol(SZ). 



7T" 7T" 



□ 



Remark 5.3. For n = 2 and n = 3, the Gauss- Bonnet- Chern formula 
in CK n (e) given in Theorem 15 . 1 1 was already stated in [Par02] . 

6. Total Gauss curvature integral 
Theorem 6.1. Let Q be a regular domain in C n . Then 



[ M 2r _ 1 (dQnL r )dL r = 2rcu 2 2 r vol(G^ 1 r 



i \ -1 / \ -1 

n — 1 \ in 



1 f2n - 2r - 2g N 

, q=max{0,n— 2r} 

Proof. On the one hand, by Gauss-Bonnet formula in C n , we have 



4^ V n-r-g J^** 



xiP- H L r )dL r = / /io,o(^ H L r )dL r . 

cc Jc: 

On the other hand, by Theorem 14.21 we have 

X (<9fi n L r )dL r = vol(G^_ 1>r ) ~ ^ u, 2r ^ 

1 /2n - 2r - 2g 



4 nri3 \ n — r — q 

. g=max{0,ra— 2r} 



A t 2n-2r,q 



If we equate both expressions and we use the relation ( |35l) between 
the total Gauss curvature and the valuation /io,o> we obtain the result. 

□ 

Remark 6.2. The previous theorem is not necessarily true in ClK n (e) for 
e 7^ 0. Indeed, Howard's transfer principle can not be used here since 
Theorem 16.11 is not local: it does not apply to general hypersurfaces, 
but only to the closed embedded ones. 
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